A new class of plane symmetric solution sourced by a perfect fluid is found in our recent work. An n-dimensional (n ≥ 4) global plane symmetric solution of Einstein field equation generated by a perfect fluid source is investigated, which is the direct generalization of our previous 4-dimensional solution. One time-like Killing vector and (n − 2)(n − 1)/2 space-like Killing vectors, which span a Euclidean group G (n−2)(n−1)/2 , are permitted in this solution. The regions of the parameters constrained by weak, strong and dominant energy conditions for the source are studied. The boundary condition to match to n-dimensional Taub metric and Minkowski metric are analyzed respectively.
This letter is organized as follows: In the next section we will present a n-dimensional solution as a generalision of our previous 4-dimensional solution. In section III we investigate the requirements of energy conditions in this space. In section IV we study the matching conditions to Minkowski and Taub, respectively. A summary is presented in section V.
II. THE SOLUTION
We deduce the following n-dimensional (n ≥ 4) solution of Einstein field equation sourced by a perfect fluid in a time orthogonal chat,
where
Clearly the above metric permits 1 time-like Killing fields ∂ ∂t , which denotes that the present solution is static, and (n − 2)(n − 1)/2 space-like Killing fields (including n − 2 translational fields and (n − 2)(n − 3)/2 rotational ones), which span a Euclidean group G (n−2)(n−1)/2 . The metric (1) is an exact solution of Einstein field equation sourced by a perfect fluid,
where T denotes the energy momentum tensor of the fluid, U stands for 4-velocity of the fluid, g denotes the metric tensor, and,
2 (n − 1) + 2(n − 2) 2 be az/(n−3) + (n − 1)b 2 e 2az/(n−3) ,
n − 2 (n − 3) (n − 3)(n − 1) + 2(n − 2)be az/(n−3) + b 2 e 2az/(n−3) .
It is easy to see that we will get a negative density for a positive b.
All the variables t, z, x 1 , ..., x n−2 in (1) can run from −∞ to ∞, thus the topology of this solution is simply R n . But real singularity will appear if we do not constrain the permitted interval of z, which we will discuss in detail in Section IV.
It would be useful to see different degenerations when the parameters take some special values before investigating the detailed properties of the full metric. Obviously when a = 0 (1) degenerates to Minkowski metric. When b = 0, it becomes
, which is just n-dimensional anti-de Sitter (AdS) metric.
III. ENERGY CONDITIONS
In some sense, any metric is a solution of Einstein field equation if we just treat the resulted Einstein tensor as the energy momentum tensor (up to a constant factor). The Einstein equation itself is not choosy to energy momentum form. However, when the gravitational physics is associated with other parts of physics (it must be), the form of energy momentum is constrained by the properties of the matter source. Omitting the specifics of different matters, people put forward several energy conditions for the matters. The ordinary matters obey all these conditions. But in some cases, we need an exotic matter. For example, due to the recent observation we need an unknown exotic matter to drive the acceleration of the universe. In the case of a Taub solution, we need a source with the exotic matter which violates DEC. Now we begin to study the constraints by weak, strong and dominant energy conditions for the metric (1) . In this section we consider a planar source with finite source, which inhabits in the region z ≥ 0. Our solution is an interior solution of plane source, hence pressure p(z) should vanish naturally at some distance from the "ground", z = z 0 , that is, we should match it to a vacuum solution. This condition means,
which has two roots,
We call the solutions with b 1 and b 2 "little branch" and "large branch", respectively. For a metric like (1), the physical meanings of the parameters are not evident. A convenient way to show the meanings is to calculate the mass per area of this slab α,
where ρ(z) is defined in (4) . For the little branch b = −(n−3)e −az0/(n−3) , the integral yields a recurrence representation by integration in part. For example, in the case n = 5,
−5e 7az0/2 + 1233e
For the large branch, the result is
For n > 5, the representations are much more complicated, but keep finite. Since the mass per area is proportional to a, a can be treated as a mass parameter of the slab. Whether α is negative depends not only on a, but also on z 0 . More generally, different energy conditions give different constraints on az 0 . In the following subsections, we will study the constraints on az 0 by different energy conditions.
A. Weak energy condition
Weak energy condition (WEC) presents the constraint
for any time-like vector Z. In a comoving frame of the fluids the above equation yields,
First, we consider the little branch b = −(n − 3)e −az0/(n−3) . We only need to replace b by −(n − 3)e −az0/(n−3) in (16) and (17). For convenience we investigate three cases a > 0, a < 0, a = 0, respectively.
Case I: a > 0. Condition (16) becomes
In the above equation the second sign of inequality is satisfied automatically since
and the first sign of inequality implies,
Inequality (17) yields,
The first sign of inequality of the above equation is satisfied automatically, since z 0 ≥ z and (n − 2)/(n − 3) > 1, and obviously the second sign of inequality is also satisfied automatically. Hence (17) impose no constraint on the parameters in this case. Case II: a < 0. Again inequality (16) requires (18). Here, different from the case of a > 0, the first sign of inequality is satisfied automatically since
and the second sign of inequality implies
In this case inequality (17) still requires (21). But here, it is not satisfied automatically. Especially, the first sign of inequality implies,
The second sign of inequality is satisfied automatically. Therefore the permitted interval of a and z 0 is
for the case a < 0. The case a = 0 degenerates to Minkowski space, which is a trivial case satisfying any energy conditions. In summary, in the interval,
WEC always can be satisfied for any real a in the little branch. Second we consider the large branch. We then replace b by −(n − 1)e −az0/(n−3) in (16) and (17). Similarly, we investigate three cases according to the sign of a.
Case I: a > 0. Inequality (16) requires
In the above equation the second sign of inequality cannot be satisfied in the neighborhood of z = z 0 , since
while the first sign of inequality is implied by,
In this case inequality (17) requires
In the above equation, the first sign of inequality can not be satisfied in the neighborhood of z = z 0 . So, the permitted interval for az 0 in the large branch for WEC is an empty set. Case II: a < 0. Still, inequality (16) requires (27).
Here, the first sign of inequality is satisfied automatically since
which can never be satisfied. And (17) requires (30). Similarly, the first sign of inequality can never be satisfied in the interval z ∈ [0, z 0 ]. The case a = 0 degenerates to Minkowski space, which is a trivial case satisfying any energy conditions. In summary, there is no proper interval in which WEC can be satisfied in the large branch for non-trivial case.
B. Strong energy condition
Now we turn to the strong energy condition (SEC), which requires
where Ric denotes the Ricci tensor of metric (1), and Z is an arbitrary time-like vector. In a comoving frame of the fluid the condition (33) becomes,
First, similarly, we consider the little branch b = −(n − 3)e −az0/(n−3) . Also, we investigate the three cases a > 0, a < 0 and a = 0, respectively. Since the case a = 0 is just Minkowski, which satisfies any energy conditions, we omit it in the following discussions.
Case I: a > 0. The inequality (35) has been discussed in the case WEC, which is satisfied naturally. One finds (34) implies,
or
Note that the case of n = 4 in the above condition can not be obtained simply by direct replacing n with 4 because the expression will diverge. The case for n = 4 should be calculated separately and it has been done in [1] . The result is that SEC presents no constraints on the parameters for 4-dimensional solution. In the general case with n > 4, inequality (36) can not be satisfied since (n − 2)(n 2 − 5n + 5) + (n − 2)(n 3 − 8n 2 + 20n − 14)
and (37) is satisfied automatically since,
So, SEC imposes no constraint on the parameters in this case. Case II: a < 0. Inequality (35) has been analyzed before, which requires
Inequality (34) requires (36) or (37). Similarly to the case of a > 0, the two inequalities can not be simply applied to the 4-dimensional solution, which is discussed in [1] . There is no solution for (36) and the solution for (37) is e az0/(n−3) ≥ (n − 1)(n − 3)(n − 4) (n − 2)(n 2 − 5n + 5) − (n − 2)(n 3 − 8n 2 + 20n − 14)
.
To summarize the requirement of SEC on parameters a and z 0 is given as,
, ∞).
Second, we consider the large branch b = −(n−1)e −az0/(n−3) for SEC. Following the above discussions we investigate the three cases according to the sign of a, respectively.
Case I: a > 0. The inequality (35) gives
Here, the first sign of inequality can not be satisfied in the whole interval z ∈ [0, z 0 ]. Case II: a < 0. Inequality (43) can not be satisfied either. So, for large branch SEC is violated for any a and z 0 in the interval z ∈ [0, z 0 ].
C. Dominant energy condition
DEC is also a very important energy condition, which requires ρ ≥ |p|.
To remove the calculation of absolute value, we consider the cases of p < 0 and p ≥ 0, respectively. First, p < 0 requires that
whose solution is not available, since the p always reaches zero at z = z 0 . Second, for the case p ≥ 0, DEC implies
From the result of the 4-dimensional case we learn that the large branch can perfectly match to Taub solution and the main underlying factor is the violation of the DEC. Hence here we emphatically investigate the requirements of DEC in the large branch.
In the large branch (46) becomes
When a > 0 the second sign of the above inequality is always violated in the neighborhood of z = z 0 since 2n − 5 + 5n−14 n−2
This also leads to the violation of DEC in the neighborhood of z = 0 when a < 0. So, the matter of this source always violates DEC for the large branch, which is a necessary condition for the source of Taub solution. There is a typographical error in (36) in [1] , that is, ≥ should be ≤.
In table I we show a summary of the permitted regions of e az0/(n−3) by different energy conditions. LIB, LAB, ES denotes the little branch, the large branch, and empty set, respectively.
, ∞)
TABLE I: Allowed regions of e az 0 /(n−3) by different energy conditions. We have considered e az 0 /(n−3) > 0 for any real az0, which is not a constraint required by the energy conditions.
IV. MATCHING TO VACUUM SOLUTIONS
Though (1) is a rigorous solution with perfect fluid source, which can be filled in the whole space, serious problems will appear if it is really filled in the whole space. For example, there is a true singularity if interval of z is not confined. This violates our original intention to study this solution: we aim to remove the time-like singularity in Taub space by replacing the singularity with matter source. In fact, the Ricci scalar R reads,
When z goes to ∞ (−∞), Ricci scalar will be divergent for a positive (negative) a. We hereby consider the case that this solution is only valid in a finite region and the spacetime is vacuum out of this region. The gravitational field must satisfy two boundary conditions: 1. The metric is continuous across the boundary surface, and 2. The extrinsic curvatures measured by the different sides of the boundary surface relate to each other by
in which K denotes the extrinsic curvature of the boundary, h = g − ∂ ∂z ⊗ ∂ ∂z represents the induced metric on the boundary, τ is the energy-momentum tensor confined to the boundary, and [ ] ± denotes the jump at the boundary, i.e., for a quantity Q,
The exterior vacuum space has to be plane symmetric to match to metric (1) . Although our original purpose is to find a source of Taub space, one may be curious about the case of the matching of this metric to Minkowski. So, first we study the simplest case in which the vacuum out of the source region is Minkowskian geometry. Then we analyse the junction condition matching to the well known non-flat plane symmetric space: (static) Taub space.
Before discussing the boundary condition between the slab and the vacuum, we impose a mirror boundary condition at z = 0. Then the topology of the solution (1) becomes R n−1 × R/Z 2 , which means that we only need to study the region z ≥ 0 of the resulting space. The continuity condition is naturally satisfied and the jump condition requires
where 0+ labels the value of a quantity at z = 0 when going from the positive direction, 0 denote the value of a quantity at z = 0. Using the above equation we derive
where ... represents n-4 ((n-2)a+ab)s, and b = −(n − 3)e −az0/(n−3) or b = −(n − 1)e −az0/(n−3) , depending on the little or large branch.
We take the Minkowskian metric in the following chart,
where l and m are positive constants. The continuous condition yields
where l and m denote "time contraction" and "length contraction", respectively though l, m may be greater than 1 so that they represent "time dilation" and "length expansion". From the jump condition (50) we obtain τ in induced chart by (53) in the little branch,
while in the large branch,
When a = 0, τ vanishes, which is just our expectation because the interior metric degenerates to Minkowski when a = 0. Note that the boundary energy-momentum is determined up to a sign, that is, depends on which side, the vacuum or the source, is regarded as the positive direction. Next we discuss the conditions matching to the n-dimensional Taub metric. The n-dimensional Taub metric reads,
where α = − n−3 n−1 , β = 2 n−1 . k, l are two constants. The continuous condition requires
and
The jump condition (50) gives,
For the little branch, it does not vanish for any finite parameters. For large branch, it becomes,
We see that the matter filled in the boundary is quintessence-like, with constant equation of state (EOS) − n−3 2(n−2) . It is well-known that in cosmology such an energy-momentum can be simulated by a scalar field with well connected potential. If we require the matching is perfect, that is, the boundary energy-momentum vanishes, we obtain,
Therefore, the solution (1) is reasonably treated as the source of n-dimensional Taub space (58). Here we correct an error in [1] , which we also pointed out in [7] . The correct form of (68) in [1] should be 
So the condition for perfect matching to the vacuum space becomes az 0 = −1/3.
V. CONCLUSIONS AND DISCUSSIONS
In this paper we present an n-dimensional global solution of Einstein field equation with a perfect fluid source, which we interpret as the source of some planar symmetric vacuum space. (n − 2)(n − 1)/2 + 1 Killing vectors, including a time-like Killing vector, are permitted in this solution. We find a chart in which the metric is written in time coordinate orthogonal form.
We find the ranges of the parameters in which WEC and SEC can be satisfied, respectively. Interestingly, we find that DEC is always violated, no matter what values the parameters are taken in the large branch, which is a necessary condition for the source of Taub solution.
We do some preliminary researches on matching to vacuum solutions. Minkowski's and Taub's solution are studied respectively. The boundary energy-momentum never vanishes for matching to Minkowski. On the contrary, there is a special configuration in the present solution which can perfectly match to Taub space.
